Quantum Hydrodynamics Approach to The Research of Quantum Effects 
and Vorticity Evolution in Spin Quantum Plasmas 
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In this paper we explicate a method of magneto quantum hydrodynamics (MQHD) for the study of the 
quantum evolution of a system of spinning fermions in an external electromagnetic field. The fundamental 
equations of microscopic quantum hydrodynamics (the momentum balance equation and the magnetic moment 
density equation) were derived from the many-particle microscopic Schrodinger equation with Spin — Spin 
and Coulomb modified Hamiltonian. Using the developed approach the vorticity evolution equation and 
quantum spin vorticity dynamics equation for the quantum spinning plasma were derived. The effects of 
new spin forces and spin-spin interaction contributions on the motion of fermions, evolution of the magnetic 
moment density and vorticity generation were predicted. This results can be used for the theoretical studies of 
spinning many-particle systems, especially dense quantum plasmas in compact astrophysical objects, plasmas 
in semiconductors and micro-mechanical systems, in quantum x-ray free-electron lasers. 
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The spinning quantum fluid plasma is becoming of 
increasing current interest^ — . Hydrodynamics equa- 
tions of a spinning fluid for the Pauli equation with the 
quantum particle angular momentum spin was presented 
since the pioneering works by Takabayashi and Vigier— - 
11 . The vector representation of non-relativistic spinning 
particle leads to appearance of new quantum effects had 
been separated as non-linear terms which arises from the 
inhomogeneity of spin distribution. 

The quantum effects in plasma can be represented by 
three main quantum corrections. The first is a quantum 
force, the multiparticle quantum Bohm or Madelung po- 
tential, proportional to powers of h and produced by den- 
sity fluctuations^?^. The another one associated with 
the quantum particle angular momentum spin by the pos- 
sible inhomogeneity of the external and spin magnetic 
fields. In the momentum balance equation this force ap- 
pears through the magnetization energyi And the latter 
force associated only with the spin magnetic moment of 
the particle^. 

The most interesting and defining features of a quan- 
tum spinning plasmas can be derived from the vortic- 
ity equation. It had been derived by-i^ that the vortic- 
ity, constructed from spin field of a quantum spinning 
plasma, combines with the classical generalized vorticity 
to yield a new grand generalized vorticity that obeys the 
standard vortex dynamics. 

We also can see that the astrophysics becomes a rapidly 
growing field of research. It is important that the conse- 
quences of turbulent plasma movement in the solar pho- 
tosphere leads to the generation of vorticity while mag- 
netic vortices are produced by the magnetic tension. For 
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example, MHD simulations of magnetoconvection had 
been used to analyse the generation of small-scale vor- 
tex motions in the solar photosphere. It had been shown 
that two different types of photospheric vorticity, mag- 
netic and non-magnetic, are generated in the domain us- 
ing the vorticity equation, combined with the G-band 
radiative diagnostics^. The presence of vortex motions 
for the astrophysics had been developed ini£ — . 

The extracting coherent vortices out of turbulent 
flows had been applied to simulations of resistive drift- 
wave turbulence in magnetized plasma^. The quasi- 
hydrodynamic and quasi-adiabatic regimes had been in- 
vestigated. 

The formation and dynamics of dark solitons and vor- 
tices in quantum electron plasmas had been studied in 19 . 
A pair of equations comprising the nonlinear Schrdinger 
and Poisson system of equations, which conserves the 
number of electrons as well as their momentum and en- 
ergy had been used. It had been shown that the gra- 
dient free-energy contained in equilibrium spin vorticity 
can cause electromagnetic modes, in particular the light 
wave^S. 

The collective electron angular momentum spin effects 
in spinning quantum plasmas can be investigated using 
insights from quantum kinetic theory or some effective 
theory. We propose a method of quantum hydrodynam- 
ics which allows to obtain a description of the collective 
effects in magnetized quantum plasmas in terms of func- 
tions in the physical space. 

A quantum mechanics description for systems of N 
interacting spinning particles is based upon the many- 
particle Schrodinger equation (MPSE) that specifies a 
wave function in a 3N-dimensional configuration space. 
As wave processes, processes of information transfer 
and other spin transport processes occur in the three- 
dimensional physical space, a need arises to turn to 
a mathematical method of physically observable values 
which are determined in a 3D physical space. To do so 
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we should derive the fundamental equations those deter- 
mine dynamics of functions of three variables, starting 
from MPSE. This problem has been solved with the cre- 
ation of a method of many-particle quantum hydrody- 
namics (MPQHD). 

In this article, using the MQHD approach we derive 
the fundamental balance equation, the magnetic moment 
evolution equation, the vorticity dynamics equation and 
the magnetic vorticity evolution equation for the magne- 
tized quantum plasmas. 

I. FUNDAMENTAL EQUATIONS OF THE FERMION 
QUANTUM HYDRODYNAMICS 

In this section we derive the system of magneto quan- 
tum hydrodynamics (MQHD) equations for charged and 
neutral particles from the many-particle microscopic 
Schrodinger equation 



The first step in the construction of MQHD appa- 
ratus is to determine the concentration of particles in 
the neighborhood of r in a physical space. If we define 
the concentration of particles as quantum average of the 
concentration operator in the coordinate representation 
p = Y) j S(f— fj) we obtain 

N 

Pft*) = E / dR^if-r^tiR^ei^t), (6) 
s J j 

Differentiation of p(r, t) with respect to time and ap- 
plying of the Schrodinger equation with Hamiltonian [3] 
leads to continuity equation 

^ =0, (7) 
where the current density takes a form of 



ih — = (Hip) a {R,t), 



(1) 
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where R — (fi, r/v). We consider a system of N in- 
teracting fermions with equal masses rrij, charged and 
proper magnetic moments in an external electromagnetic 
field. A state of the system of N fermions is determined 
by a wave function in the 3N-dimensional configuration 
space, which is a rank — Nspinor 



ip s {R,t) = ip Sl , S2 ,.... SN (f 1 , ...,r N ,t). 
The Hamiltonian has the form 
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6 = E^r + i^e X t - /',-;'//;;, (3) 
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where Uj = gpg/2, /ijB - is the electron or positron mag- 
netic moment and fijg = qjh/2rrijC - is the Bohm mag- 
neton, qj stands for the charge of electrons q e = — e or for 
the charge of positrons q p — e, and h -is the Planck con- 
stant, g ~ 2.0023193. The covariant derivative operator 



(4) 



where A ext , (pj, e xt - are the vector and scalar potentials 
of external electromagnetic field. 

Green's functions of the Coulomb and Spin — Spin 
interaction are 
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(5) 



f(r,t) = Yl i dR^5(r-r 3 )-±-(D+ a ^(R,t)MR,t) 

S 3 

(8) 

+^t(R,t)D°MR,t)), 

A momentum balance equation can be derived by dif- 
ferentiating current density |S] with respect to time 

d t f (r, t) + df&# (r, t) = qp(r, t)E« xt (r, t) (9) 



+Mp(r,t)d a B^ xt (f,t)+ / dr d a F^(f 1 r )NP s {r 1 r ,t). 
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^(f,t) = Y^ [ dR^26(r-r 3 )-l-(4;+(R,t)D«D^(R,t) 

S J 3 = 1 4TOj 

(10) 

+ (Df^(R,t)) + D^(R : t) + h.c.) 

represents the momentum current density tensor. 

Momentum balance equation |9] contains the particle 
magnetic moment density^ 

N 

M a (r,t) = ]T / dR^W- mttji>s, (11) 

8 J j = l 

The Coulomb and Spin — Spin interactions between 
the particles arc represented in Eq. [5] by the terms where 

N 



p 2 {r,r f ,t)=Y J J dRj2S(f~r 3 )5(r 1 -r k )i> + (R,t)i>(R,t), 

(12) 
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is the two-particle probability density for the occurrence 
of two particle in the neighborhoods of the points r and 
r normalized by N(N — 1), and two-particle tensor of 
the magnetic moment density 




Differentiation of M a with respect to time and apply- 
ing of the Schrodinger equation with Hamiltonian[3]leads 
to magnetization equation. The equation representing 
the non-relativistic evolution of spin — 1/2 motion takes 
a form of 



s J J 

(17) 

The equation for spin vorticity can be easily derived 
using the previous procedures 

d t Q%(r,t) +e a ^d p d k ^(r,t) = X a (r,t). (18) 

B. Velocity field 



2^ The velocity of j — th particle Vj is determined by 



d t M a (r, t) + dp&g = -^e a ^M?(r, t)B] xt (f, t) equation 



-^e a ^ [ d^d a F^(r^)M^(f^,t) Vj = — (VjS - itup + ^ jV ) - (19) 

h J m j m j c 



where the tensor of the magnetic moment flux density is The quantity €j(R, t) describe the current of probabil- 
ity connected with the motion of j—th particle, in general 
N case Vj(R,t) depend on coordinate of all particles of the 

cjajfl/^ £\ _ f dR^ S(r — r ) ^ j (ip + a" ip I system R, where R is the totality of 3iV coordinate of N 

M ' $J ~J 3 4mj 3 J particles of the system R = (fx, rjy). 

The S(R,t) value in the formula [TU1 represents the 
phase of the wave function and as the electron has spin, 
+ (a a D^tl!) + ip)(R t) the wave function is now be expressed in the form . 



A. The vorticity and spin vorticity equation 

The spinning quantum magnetohydrodynamics should 
be explain the vorticity evolution. The main idea of this 
paper was to create the hydrodynamics foundation for 
the vortex dynamic in the context of spinning quantum 
plasma. We use the MPQHD approach to receive the 
equations for the particle Vorticity density obeying the 
standard vortex dynamics. We determine the vorticity 
density vector of particles in the neighborhood of r in a 
physical space as 



ip(R, t) = a(R, t)e^tp(r, R, t), (20) 

where ip, normalized such that tp + ip = 1, is the new 
spinor, defined in the local frame of reference with the 
origin at the point f. The spinor gives the spin part of 
the wave function. 

We substituted the wave function in the definition of 
the basic hydrodynamical quantities. The momentum 
current density tensor [TU] has the new form of 

n a0 (f,t) = m^^^r,^^^) + p af3 {f,t)+ (21) 



n a (r,t) = J2 / dRY J ^-r j ) 1 r-V j p{Dp^s 
S j J 

(15) 

+ip+b]Tp g )(R,t), 

The derivation of the quantum vorticity equation that 
include the spin is similar to the previous section 

d t n a (r,t) + e^dpdk^ (f,t) = F a (r,t). (16) 

Lets introduce a non trivial the spin or quantum vor- 
ticity as 



where 

N 

p^(r,t) = £ / di?£«J(r - f$)a a n»i«X> ( 22 ) 

S J j=l 

is the well known kinetic pressure tensor. Value 
w"(r, _R, t) is a quantum equivalent of the thermal speed 
and uf(f, R, t) = vf(R, t) - v(r, t). 

The tensor A"^ is proportional to h 2 , has a purely 
quantum origin and can therefore be interpreted as an 
additional quantum pressure 
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N 

S J j=l 



, ft 2 d Ina 
2toj dxfdx^ 



(23) 

For the large system of noninteracting particles, this 
tensor is 



A Q/3 (r,t) = - (d a dPp{r,t) 
Am 



(24) 



P(r,t) 



{d a p(r,t)}{dPp(r,t)}) 



The tensor T" ^ appears in the theory as a result of rep- 
resentations rotating electrons as an assembly of bodies 
continuously distributed in space. In the context of quan- 
tum hydrodynamics the force due to a new spin stress 
inside the fluid takes the form of 



Amp 



(25) 



This new force emerges from the inhomogeneity of spin 
distribution and must be considered in the equation of 
motion, being the order of ti 2 . 

On the other hand, after the presentation of the wave 
function in the exponential form the tensor of the mag- 
netic moment flux density takes the form of 



t) = M a v?(r, t) + 7 ^(f, t), 



(26) 



where 



lf(r,t)=J2 I dR 

C J 



N 



Am 



(27) 



differ from the 9^ only by the change of the spinor ip in 
1141 to the spin part of the wave function. In the context 
of quantum hydrodynamics we have the additional spin 
torque 



lf{r 1 t)^ 7 —e a ^M 1 dp{ — ) 1 (28) 
Imp p 

Taken in the approximation of self-consistent field, 
from El [H and UM we have the set of MQHD equa- 
tion for the electrons and positrons, continuity equation, 
momentum balance equation, magnetic moment density 
equation take the form 



dtPp + V(p p Vp) = 0, 



(29) 



i P p P (dt + v dp)vp = q p p p Eext + -jpeX B ext -Vp p + —^p p V( — — -) +M p pVB^ ct + j 



A/ 7 

dpiMptdP {-*-)} (30) 
P P 



p p V / df*q 2 p G(r,r J )p p (r / ,i) + M pl V / rfr>^(r, f')M p 5 (r', t), 



(d t + v?d fj )Mp = %Af p x B ext + -^—d k {M p x d k (^)} + % e Q ^M p ^ / dr J F^ s (f^)M^,t), (31) 
ft 2mp p Pp ft J 



Lets discuss the physical significance of terms on the 
right side of the system of MQHD equations obtained 
above [29] - [32] The first and second terms in Eq. [30] de- 
scribe the well known interaction with external electro- 
magnetic field, where the first term represents the effect 
of external electric field on the charge density and the 
second term is the Lorenz force field. The fourth term is 
a quantum force produced by density fluctuations, which 
has its origin in the socalled Madelung potential. The 
fifth term appears in the equation of motion [3D] through 
the magnetization energy and depends on the spin or 
magnetic moment density of particles. The sixth term 



represents the self-force or magnetic moment density 
stress inside the electron or positron fluid. This spin 
self-force appears even in absence of the electromagnetic 
fields and arises from the inhomogeneity of magnetic mo- 
ment density distribution. Other terms in [30] describe 
a force field that represents interactions between par- 
ticles, namely the Coulomb interaction of charges and 
Spin — Spin interactions. 

The second term in the equation of magnetic mo- 
ment density motion [3T] represents the effect additional 
magnetic moment density torque on the magnetic mo- 
ment density evolution and tends to align spins parallel. 



5 

Manipulations of the Eq. 1181 and momentum balance ity density dynamical equation uj p — fl p /p p 
dynamical equation 1301 yields the hydrodynamics vortic- 



dttip = V x (v p x iS p ) - V( — ) x Vp p + V(^) x VB k ext + — V x (— j pe x B ext ) (32) 

Pp Pp CUlp Pp 

+t4tT V (— ) >< V{-V fc ( Pp V fe (^))} + V(^) x V / d^F~< 5 (fJ)M s p tf,t). 
4m^p P P P P Pp P P J 

and manipulations of the Eq. [33J and magnetic moment density dynamical equation [3T] yields the hydrodynamics 
quantum spin vorticity evolution equation w p = Qsp/Pp 

d t wp = Vx(v p x ujp) + x (Mr x B^) + e^£ 7 ,^V4^ / d^F v5 {r, ?)M s p {^t)} (33) 

fl Pp tl Pp J 

lmp p p p pp pp 



The vorticity density evolution equation 1321 shows the 
different physical factors associated with the generation 
of vorticity. The second term on the right side of [32] 
is proportional to the gas pressure and is responsible 
for the hydrodynamic baroclinic vorticity generation the 
classical vortex field. The third term represents the mag- 
netic baroclinic vorticity. The fourth term contains the 
information about the vorticity generated by the mag- 
netic tension. The fifth term associated with the mag- 
netic vorticity generation even in absence of the mag- 
netic field. The seventh term characterizes the effect of 
the Spin — Spin interactions on the vorticity evolution. 
Equation l32l contains the normal electron or positron cur- 
rent density j ep = q p p p v pi and the magnetic moment 
density M p = p p p p . 

The equations I3U1 13T1 and [321 allow for the introduction 
of an internal potential and internal magnetic field^ and 
can be considered like classical effects. 



II. CONCLUSIONS 

In this paper we analyzed vorticity excitations caused 
by the magnetic moment density dynamics in systems 
of charged 1/2 — spin particles. MQHD equations are 
a consequence of MPSE in which particles interaction 
is directly taken into account. In our work we consider 
the Coulomb and Spin — Spin interactions. The sys- 
tem of MQHD equations we constructed is comprised by 
equations of continuity, of the momentum balance, of the 
magnetic moment density evolution and of the vorticity 
density dynamics. In our studies of wave processed we 
used a self-consistent field approximation of the MQHD 
equations. 



The equations we are interested in, determining the 
system dynamics, are the hydrodynamic equations for 
the spinning plasma. This equations have an addi- 
tional quantum contribution proportional to h 2 and spin 
corrections, additional Magnetic Moment Stress and 
Magnetic Moment Torque which have been derived in 
the absence of (thermal) fluctuation of the spin about the 
macroscopic average. But in such a situation (thermal) 
effects on the spin might be important. The main objec- 
tive of this paper was to construct an appropriate a new 
generalized quantum vorticity equation for spin quan- 
tum plasmas that contains the magnetic, non-magnetic 
terms and the spin dependent forces being non potential. 
Important that the quantum Madelung potential do not 
contribute to the vorticity evolution. 

Appendix A 

The terms represented Coulomb and Spin — Spin in- 
teractions in Eq. [30] [31] and [32] leads to the appear- 
ance of the self-consistent electric field Ei nt and the self- 
consistent magnetic field B sp i n 

VE mt = 4nqp, V x E mt = 0, (Ala) 

VB spm =0, V x B spm = 4ttV x M. 

Two-particle functions rT2] and [T3J have the ground ex- 
pressions 

p 2 (r,r,t)=p(r,t)p(r J ,t) + Q(r,r J ,t), (A2) 
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M?(r,r ,t) = M a (r,t)M a {r ,t) + X a {r,r ,t), (A3) 

where g(r,r ,t) and X a ifi r " are the the correlation 
functions. 
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